The volume tensor provides robust estimate of object shape and orientation in space.
INTRODUCTION
The centered second moment volume tensor can be used for robust characterization of objects shape and orientation by an equivalent ellipsoid (Ziegel et al., 2015) . Current estimators of the tensors use either curvatures of triangulated surface of the object segmented from given 3D data (Schröder-Turk et al., 2011) or stereological approach that requires random sections of the object (Rafati et al., 2016) . Intersecting the object with the spatial grid, that is sparse in comparison with the lattice of voxels, we obtain sufficiently precise condensed information about the shape of the object. This approach, designed for measurement of surface area (Barbier, 1860; Cruz-Orive, 1997; Kubínová and Janáček, 1998) was implemented in the Fakir method for estimation of the surface area and volume of 3D objects in data volumes obtained by 3D imaging modalities such as confocal microscopy or Computed Tomography (CT) (Kubínová et al., 1999) . The principle of the estimators is based on integral geometry (Santaló, 1976) , namely 1) the mean number of intersections of the object boundary with the grid is in direct proportion to the surface area of the object, and 2) the mean length of the grid lines inside the objects is in direct proportion to the volume of the object; where the mean is assessed with respect to the random position of the grid. The coefficients of proportionality are the products of the grid length density (m −2 ) and constants, they equal to 1 and 1/2, respectively.
Variance of the estimators using randomly oriented grids can be estimated from the grid density and properties of the measured objects using methods originated from Matherons transitive theory (Matheron, 1965 ). An example is the variance of volume estimator of 3D objects using spatial grid with isotropic uniform random (IUR) position, that can be efficiently estimated from the asymptotic term proportional to the surface area of the object divided by square of the length density as the density tends to infinity (Janáček, 2006; 2008) with a constant characterizing the grid.
Optimal choice of the line grid in Fakir method further reduces the workload. One particularly efficient grid of lines, can be found in the crystal of garnet with cubic grid where the atoms are aligned along lines in seven directions, three of them orthogonal and 2/29 the other four along diagonals of the cube (O´Keefe, 1992) .
The aim of this paper is to demonstrate, that Fakir method can be used for numerical integration in evaluation of the volume tensor and that lengths and directions of semiaxes of the equivalent ellipsoid can be used for robust estimation of object shape and orientation. The precision of the semi-axes estimated by the Fakir method depends on the spatial grid density and the object properties and we present approximate formula for its calculation. Moreover, we provide proof of asymptotic formula for variance of estimator of integrals over objects with finite perimeter (Ziemer, 1989) .
The Fakir method was applied in developmental study of pheasant brain compartments (Jirák et al., 2015) in order to estimate the changes of the bird brain divisions shapes with ontogeny. Here we apply our approach to the task of assessment of changes in shape and orientation of phaesant brain compartments during development.
MATERIAL AND METHODS

ESTIMATE OF THE SECOND MOMENT VOLUME TENSOR US-ING LINE SEGMENTS
Let K be a measurable subset of 3-dimensional Euclidean space R 3 . The elements of the second moment volume Minkowski tensor Φ 3,2,0 (K) = φ i, j are defined by the integrals (Hug et al., 2008) :
We combine the Φ 3,2,0 with center of mass and volume of the object to obtain translation invariant centered second moment volume tensor Θ (K) = τ i, j (Ziegel et al., 2015) :
3/29 where
are coordinates of centre of mass and
is volume of K.
Eigenvalues and eigenvectors of the centered tensor provide information on the object shape and orientation, respectively. Let λ i and v i , i = 1 . . . 3, be the eigenvalues and eigenvectors of the centered tensor Θ (K). We characterize the anisotropy of the set by the Procrustes anisotropy (PA) (Dryden et al., 2009) :
The PA takes values in interval from 0 up to 1.
It is convenient to visualize the centered tensor T (K) by an equivalent ellipsoid with semi-axes in direction v i with lengths s i , i = 1 . . . 3, (Ziegel et al., 2015) , where:
The Fakir estimate of the tensor entries φ i, j , i, j = 1 . . . 3, uses grid of lines G with intensity L V (m −2 ), randomly shifted by uniform random vector U :
where H is 1-dimensional Hausdorff measure. The estimate is obviously unbiased. The value of the estimate of s i in Eq. 6 can be calculated from the coordinates of intersections of the grid G + U with the object K as follows. Let the intersection of the 4/29 
and let l k be the length of the k-th segment. Calculating φ i, j in Eq. 7
as the sum of integrals of over individual line segments gives:
Estimates of the volume V , of the center of mass c and of the first volume moment m = V c are:
The natural estimate of centered tensor element is then:
Formulas in Eq. 8, 9 and 10 are discrete analogues of Eq. 1, 3 and 4, respectively. We estimate the equivalent ellipsoid and its Procrustes anisotropy by plugging the eigenvalues of the estimated tensor λ i into formulas in Eq. 5 and 6.
PRECISION OF SEMI-AXES ESTIMATE
The calculation precision of tensor components estimate is based on evaluation of variance of estimate of integral of polynomials, or more generally of estimate of covariance of simultaneous estimates of two such integrals. Special case (when the polynomial is constant equal to 1) is known, because variance of the volume estimate by isotropic Fakir probe is (Janáček, 1999) var
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where
where U is random shift, R is random rotation and the grid constant C G can be calculated from Fourier transform of the grid (Janáček and Kubínová, 2010) . C G of the optimized
Fakir grids are
with value 0.02707533 for threefold grid,
with value 0.02453877 for fourfold grid and
with value 0.0317757 for sevenfold grid, where
is Epstein zeta function of square point grid, ζ (Z 2 , 4) ∼ = 6.02681,
is Epstein zeta function of unit triangular point grid, ζ (A 2 , 4) ∼ = 5.78336 and
is Riemann zeta function, ζ (4) ∼ = 1.082323.
Generalization of the Eq. 13 yields the asymptotic formula for covariance of the estimates of integrals of complex functions f 1 (x) and f 2 (x):
6/29 where
Validity of the asymptotic expansions Eq. 12 and 13 for smooth functions with bounded support, sufficiently regular sets and arbitrary periodic measures is established in Theorem 7.
The surface integral in Eq. 13 can be estimated from intersections x k of the Fakir probe with the surface of the object as
Covariance of centered tensor components is approximated by surface integral. By linearisation of Eq. 11 written as
we obtain for i, j, k, l = 1 . . . 3:
and it follows from Eq. 13 by proper grouping of factors that
Variance of semiaxes length is calculated from cov τ i, j , τ k,l using linear approximations of formulas for eigenvalues and of Eq. 6.
Characteristic polynomial P (λ ) and invariants T , Q, D of the tensor Θ are related with τ i j by formula:
Partial derivatives of the invariants are then
where {i, j, k} = {1, 2, 3} .
Partial derivatives of centered tensor eigenvalues are calculated solving the equations with partial derivatives of invariants:
The derivatives of eigenvalues are then:
where (k, l, m) is (1, 2, 3), (2, 3, 1) or (3, 1, 2) and
Variance of eigenvalues λ m , m = 1 . . .3 is:
Finally, the variance of semiaxes lengths s m , m = 1 . . . 3 is:
The line probe was implementated in home made Fakir program for operation system
Windows including the calculations of semiaxes length precision. Bochner (1949) .
The coefficient −2πi is replaced by 2πi in inverse Fourier transform.
The convolution of f 1 and f 2 ∈ L 1 R d is defined by
Fourier transform of spherically symmetric function f (i.e. M f = f for any M)
is spherically symmetric. We define f (
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where Jd 2 −1 is Bessel function of first kind. Eq. 15 is inverse Hankel transform as well.
Obviously g f (−x) = g f (x). By convolution and Parseval theorems
Let T be point lattice AZ d , where A ∈ R d×d is regular matrix. Fundamental region of
for all x ∈ T and all Borel set K. Let λ be the intensity of µ equal to α µ (F T ). Fourier
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Obviously m 0 = λ .
and the mean and variance of f ⋆ µ are
Let µ be T-periodic measure and u ∈ R + . We define uT-periodic measure µ u (K) =
We define the coefficient of T-periodic measure µ as
, right derivative of its isotropic covariogram in 0, exist, let µ be T-periodic measure and u > 0. Then the variance of M f ⋆ µ u (x), where x and M are uniform random, iŝ
where J f =´R d f (y) dy and Φ f is nonnegative function on R + such, that lim x→+∞
Variance decomposition theorem (Rao, 1973) and Eq. 18 yield
We set
Then the variance is
by Eq. 19.
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From definition of derivative it follows that
and by Eq. 15 and 16
and applying the following Proposition 2 to the function ρ d−1 F g f (ρ) we obtain finally
Thus lim x→+∞ 1 x´x 0 Ψ f (x) dx = 1, 0 ≤ Ψ f and it can be proved easily that lim x→+∞
Let ψ have uniformly bounded variation on unit intervals in R, N ∈ M 1 (R), F N (τ) = 0 for each τ ∈ R and
for every f ∈ M 1 (R) by the Wiener second Tauberian theorem (Wiener (1933) , Theorem 5).
Following Proposition 2 was proved by Wiener (Wiener (1933) , Theorem 21) in special case corresponding to d = 1.
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Proposition 2. Let f (r) ≥ 0 and f ∈ L 1 loc (R + ). Then
where L is defined in Theorem 1, if and only if one of the limits exists.
Proof. We may set f = 0 in interval (0, 1) according to the theorem on monotone convergence (for all R and for small h).
Then we set r =exp(t) and
We can rewrite the proposition statement as: i.e. the variation of ψ on unit intervals is bounded by M < ∞.
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We calculate Fourier transform of kernel N 2 :
by integration per partes follows
where the first term in parentheses is zero, because of l'Hospital rule and asymptotics of Bessel function, and usinĝ
, that holds for Re a < 1 2 , Re a + ν > −1, we obtain finally:
thus F N 2 (0) = 1 and F N 2 (τ) = 0 for τ ∈ R, because Gamma function has no roots and its poles are nonpositive integers.
The function N 1 is not continuous (thus N 1 / ∈ M 1 (R)). We set
16/29 has no real root and F N 1,ε (0) = 1. Thus the limits are equal for N 1,ε and N 2 if one of the limits exists by second Wiener Tauberian theorem. Using inequalities
and the fact, that ψ is nondecreasing and letting ε → 0 we finally see, that the limits with N 1 and N 2 are equal, if one of the limits exists.
Following propositions are based on the measure theory (Rudin, 1987) and on the theory of functions with bounded variation and of sets with finite perimeter (Ziemer, 1989) . 
, then by the GaussGreen theorem (Ziemer, 1989) 
where ∇ I K (y) is inner normal, H d−1 is Hausdorf measure and ∂ * K is set of points where the measure theoretic normal to set K exists.
Covariogram of f I K is
and corresponding isotropic covariogram is
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where ∂ * K is set of points where the measure theoretic normal to set K exists and H d−1
is Hausdorff measure.
Proof. Let u ∈ S d−1 and ε > 0, then
first integral converges to 0 because f is Lipschitz and the rest converges by the following Lemma 4 to
The statement of the theorem then follows from the identity (Galerne (2011) Proposition
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Proof. We show, that 1 εK
and the Gauss-Green theorem with
Let N εu = ε −1 H 1 | 0, εu and measure
We have shown, that
Following Lemma 6 gives N εu ⋆ µ w * → µ and (N εu ⋆ µ)
what was to be shown.
Proof. Radon-Nikodym theorem gives measurable function p such, that ν = p |ν|. Obvi-
On the other hand
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Lemma 6. Let µ be real Borel measure on R d and
Since h is uniformly continuous N εu ⋆h converges to h for ε → 0 uniformly, thus
We proof the second statement using h ∈ C c R d and h ≥ 0 as the general case follows from decomposition h = h + − h − and linearity. Lemma 5 gives
and Lemma 5 yields
N εu ⋆ h uniformly converges to h, thus
i.e. for each δ > 0 there is ε 0 such, that if ε < ε 0 then
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The opposite inequality follows from Lemma 5:
and there is ε 0 such, that if ε < ε 0 then
where Φ · is nonnegative function on R + such, that lim x→+∞ (Jirák et al., 2015) . MR images were analyzed in a home-made Fakir software. To achieve high precision for calculation of volume and surface area of brain divisions, they were measured interactively by sevenfold Fakir probe with grid density 0.76 mm −2 and the results can be found in (Jirák et al., 2015) . Structures of avian brain were identified in histological atlas (Karten et al., 2013) . The semi-major axis is oriented laterally in forebrain and midbrain and rostrally in hindbrain. The significant increase of PA in forebrain (Tab. 3) means, that the increase in the length of semi-major axis oriented laterally is more pronounced that the length of other semi-axes (Tab. 4a), i.e. the change of relative width is the major change of the forebrain shape during the development. In the same manner we conclude that the rostral elongation of hindbrain significantly increases during brain development. Calculating the variance of the semi-axes estimate for selected brain compartments and grid density 0.76 mm −2 using Eq. 14 shows very high precision; the error of the estimate of the semi-axes for given grid density and objects size is less than 0.4 percent.
DISCUSSION
Semi-axes provide only the most basic object shape characteristics. On the other hand, the estimate of linear dimensions of a 3D object obtained by the volume tensor method may be both more precise and more robust compared to direct measurement because the 26/29 latter depends on the selection of extreme points within the object that may be rather arbitrary.
Fakir probe enables estimation of volume tensor of single object from 3D data without its explicit segmentation by sparse systematic sampling that makes the method efficient.
Prediction of the method precision follows classical works (Hlawka, 1950; Matheron, 1965) but it had to be proved de novo using Wiener-Tauberian and geometric measure theory. We applied the special arrangement of line grids in 7 fold grid in this study to increase the precision of estimate of surface integrals in Eq. 13 by negative covariance between estimates using sets of parallel lines in different directions.
The method might be preferred to surface based method (Schröder-Turk et al., 2011) in situation when the automatic segmentation of the object is not feasible. The method allows measurement of shape of pheasant brain compartments efficiently and we were able to detect changes in the shape of phaesant forebrain and hindbrain during development (Tab 3,4), which may be of importance for interpretation of fossilized braincases of extinct birds and dinosaurs. Our approach using Fakir grid for volume measurement can be used in similar morphometric studies of macro-or microscopic objects.
The Fakir probe implemented in MS Visual C++ including calculation of semi-axes and precision can be downloaded from the authors webpage. 27/29
